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1. INTRODUCTION 
Suppose 12 people are interested in playing bridge some evening. They 
with to play a set number of deals and then switch around so as to play at the 
same table with as many different people as possible. It is easy to see that at 
least three pairs of people will find themselves together again in the second 
round. They way to maximize the number of new table-mates is to minimize 
the number of pair overlaps. The minimum is three here. This gives rise to 
the question of how many rounds can be played so that any two of them 
have exactly three pairs in common ? More generally, given mn objects, m 
and n :D 1, call a partition of them into m sets of n objects each a round. 
Let o(nz, n) be the smallest possible number of common pairs which must 
occur in the n-sets of two rounds. For example, ~(3, 4) = 3. The question 
then is what is the maximum number, k(m, n), of rounds such that every set 
of two rounds has exactly a(m, n) pairs in common. There are two problems- 
find a(m, n) and k(m, n). Solving this problem in general is probably hopeless 
because some special cases of it are equivalent to unsolved combinatorial 
problems. However, looking at those problems from this point of view may 
prove helpful. 
2. FINDING a(m, n) 
Consider two rounds and label the n-sets in each round from I to m. Let ri 
denote the number of elements from the first n-set in round one that end 
up in the ith n-set in round two. The number of common pairs in the two 
rounds which lie in the first n-set of round one is then 
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We want to minimize XL, ri2 subject to CEl r’i = n. It is well known that if 
ri were real, the minimum occurs only when each ri = n/m. Since each ri is 
an integer, it is easy to show that the minimum occurs when all the ri are 
either s = [n/m] or s + 1, where [n/m] is the greatest integer in n/m. Suppose 
I of the ri are s and u of them are s + 1. Then I + u = VI and 
Is + u(s + 1) = n. Solving these yields 1 = m + ms - n, u = n - ms. 
Thus the number of common pairs which lie in the first n-set, A, of round 
one is minimal when I of the n-sets in the second round contain s elements 
of A and u of these n-sets contain s + 1 elements of A. The total number of 
common pairs of the two rounds would be minimal if this type of placement 
were possible for all of the n-sets in round one, and it is. To get to the second 
round from the first, take I disjoint s-sets from the ith n-set of round one and 
place them in the i, i + I,..., i + I - 1 (working modulo m) n-sets of round 
two for 1 < i < m. Then put the remaining u (s + I)-sets of the ith jr-set 
of round one into the i + I,..., i + n2 - 1 (mod m) n-sets of round two. It is 
easy to verify that this procedure gives a second round which minimizes the 
number of common pairs from each n-set of round one. This minimum,A by 
the previous work, is I(,“) + UT;‘) = (s/2)(2n - ms - m). Hence, o(m, n) is 
just m times this. 
PROPOSITION 1. cT(m, n) = (ms/2)(2n - ms - m), where s = [n/m]. 
Notice that what occurred was that each n-set in round one had to be 
broken up into m sets, each as nearly equal in number as possible. Then these 
sets were distributed into the m n-sets in the second round. This is what must 
happen for each pair of rounds in the general problem. 
3. CASES WHERE n ,( ~2 
When n < m, (T(~I, n) = 0, and so no two rows have any pairs in common. 
In particular consider some element X. In each round x appears with n - 1 
other elements, all different; but there are only mn - 1 such elements. The 
next proposition follows immediately. 
PROPOSITION 2. Ifn ,( m, then k(m, n) < (mn - I)/(n - 1). 
If Iz = 2, then by the above, k(m, 2) < 2m - 1. But complete graphs on 2m 
vertices are l-factorable [2, Theorem 9.11. 
PROPOSITION 3. k(m, 2) = 2m - 1. 
Now we want to turn to the case where n = 3 but m = 2t + 1 is odd. By 
Proposition 2, k(2t + 1, 3) < 3t $ I. Ray-Chaudhuri and Wilson [3] showed 
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that (L’, 3, I)-resolvable balanced incomplete block designs (otherwise known 
as Kirkman designs of order v) existed if and only if u r= 3 (mod 6). Such a 
design clearly shows k(2t + 1, 3) 3 3t + 1. 
PROPOSITION 4. k(2t + 1, 3) = 3t + 1. 
When nz is even, considerably less is known. It is known that k(2, 3) = 10 
(see next section) and k(4, 3) = 4. The latter was proved by noting that 
I. U,2,3) 14, 561 {7,8,9> {a, b, cl, 
II. {1,4,7) (2, 5,4 13, 8, bl Ri9, 4, 
111. (1, 84 (234, 4 (3, 5791 (67, b), 
IV. (1, 5, c> (2, 6, 81 (3, 7,~) (4,9, b) 
gives four rounds. Proposition 2 gives k(4, 3) < 5, but the possibility of 
five rounds existing was eliminated by an exhaustive search of cases. This also 
illustrates that the (mn - l)/(n - 1) in Proposition 2 cannot always be 
attained. 
The last case we consider in this section is n = m. Here Proposition 2 
yields k(n, n) < II + 1, but this is not always attained. Suppose that for 
some n, k(n, n) = n + 1. Let the n2 objects be 1, 2 ,..., n2. We may assume the 
first round is 
(1, 2 ,..., nj, ((~2 + 1) ,..., (2n)) ,..., ((n” - n + 1) ,..., n2}. 
Succeeding rows must have 1, 2,..., n all in different n-sets. The same is true 
for n + I ,..., 2n and the other n-sets in round one. That is, every n-set in each 
of the remaining n rows must contain exactly one element of each n-set in 
round one. The remaining n rounds can be schematically represented by 
where each row is a partition of 1,2,..., n2 and the blocks are n x (n - 1) 
matrices with the kth column of each consisting of elements out of the 
(k + 1) n-set in round one for 1 < k < n - 1. Now let A, be the n x n 
matrix consisting of all the kth columns, in the order they appear, of the above 
n x (n - 1) blocks. Tt now follows from our assumption that no two of these 
rounds have a common pair that {Ak}, 1 < k < n - 1, is a set of mutally 
orthogonal n x n Latin squares. It is also clear that the converse holds as well. 
That is, if there exist a set of n - 1 mutually orthogonal n x n Latin 
squares, the same construction shows k(n, n) >, n + 1. 
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THEOREM 1. k(n, n) = n + 1 if and only if there exists a family of n - 1 
mutually orthogonal n x n Latin squares. 
4. CASES WITH m = 2 
By the remarks at the end of Section 2, the elements of any n-set must be 
distributed in groups of n/2 into the two n-sets of any other round if n is even 
and otherwise in groups of (n - I)/2 and (n + 1)/2. Moreover, since there 
are only two n-sets in each round, it suffices to check these conditions on just 
one n-set in each round. 
Consider the case for n = 3, and let the six objects be 1, 2, 3, 4, 5, 6. What 
pairs can be with 1 ? Since any two 3-sets containing 1 must intersect in one 
or two elements, any pair can go with 1 exactly once. There are (3 such 
pairs, and so k(2, 3) = 10. 
Now we restrict ourselves to the case where n = 21 is even. Suppose we 
are given k rounds for this n where the objects are 1, 2,..., 2n. Pick one n-set 
from each round and construct a k x 2n incidence matrix A = (aij) by the 
following rule: aij = 1 if j is in the n-set picked from the ith round, otherwise 
aij = 0. Let A* be A but with the roles of 0 and 1 reversed. Finally set 
A= 
/-------- 
A I A* I --------!-------- 
I 1 ... 1 / 0 0 *** 0 
A is a (2k + 1) x 4n matrix which can be considered as an incidence matrix 
for 2k + 1 rows and the elements 1,2,..., 4n in the same manner that A was. 
It is also clear that all the rows of A intersect pairwise in n elements. Hence, 
the rows of A and their complements yield 2k + I partitions of our desired 
type. 
PROPOSITION 5. Zfn is even, then k(2,2n) > 2k(2, n) + 1. 
Beginning with the triviality k(2,2) = 3 and using the last proposition, it is 
easy to see k(2,2’) 2 2’+l. The general even n cannot yet be shown to have 
this property. However, we can show k(2,21) < 41- 1. Assume k rows 
exist and construct A in exactly the same manner as above. It is clear that if 
k = 2n = 41, then AAt = l(Z + J) = (21- l)Z + IJ where At is the trans- 
pose of A, I is the 2n x 2n identity, and J is the matrix of all ones. Moreover, 
AJ = 2IJ. By a theorem of Ryser (see [l, p. 104, Theorem 10.2.3]), it follows 
that I = 0. This contradicts n > 2. 
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THEOREM 2. If n is even, k(2, n) < 2n - 1. 
COROLLARY. k(2,2’) = 27+1 - 1 for r >, 1. 
The natural question now is, for what other n does k(2, n) = 2n - 1 ? 
To answer this, we proceed as before. Assume we have k = 2n - 1 rounds 
constructed for the objects 1, 2,..., 2n. From each round pick the n-set which 
contains 1 and form the k x 2n matrix A again. The first column of A 
consists of all ones. Let B be the (2n - 1) x (2n - 1) matrix obtained from A 
by deleting the first column. Clearly BBt = II + (I - l)J = [(2Z - 1) - 
(I - l)]Z + (I - l)J, where n = 21 and I, J are (2n - 1) x (2n - 1) 
matrices with meanings as above. Also, BJ = (2Z- 1)J. By the theorem of 
Ryser [1, p. 1041 and the remarks of Hall [1, p. 1011, it follows that B exists 
if and only if there is a symmetric balanced incomplete block design with 
parameters v = 41 - 1, k = 2Z- 1, h = Z - 1. But such a design exists 
if and only if there is a Hadamard matrix of order 41 [5, p. 1071. 
THEOREM 3. If n is even, then k(2, n) = 2n - 1 ifand onZy if there exists a 
Hadamard matrix of order 2n. 
5. MISCELLANEOUS CASES 
Ryser’s theorem can be used in a slightly more general setting as well. Let 
n = ml. Then every n-set in one round intersects every n-set in another 
round in Z elements. Thus if one n-set is picked from each round, the k x mn, 
A can be constructed again. If k = mn, then AA’ = (n - Z)Z + ZJ and 
AJ = nJ. Ryser’s theorem then yields n2 -- n = Z(mn ~ 1). Hence, m = I, 
but m > 1. This shows k(m, ml) < mn. Now assume k(m, ml) = mn - 1 
and construct the (mn - 1) x (mn - 1) matrix B as in Section 4. BJ = 
(n - 1)J and BB’ = [(n - 1) - (I - l)]Z $ (I - 1)J. So Ryser’s theorem 
gives n(m - l)(m - 2) = 0. But n # 0, m # 1, and m = 2 was discussed 
in Section 4. This leads to Proposition 6. 
PROPOSITION 6. If n = ml and m > 2, then k(m, n) < mn - 2. 
The upper bound in the last proposition is not very good in general as the 
case m = n shows. 
The last case we wish to look at is n = m + 1. Here two rounds have 
exactly m pairs in common. Suppose k rounds have been constructed. Denote 
by xi , 1 < i < k, the number of pairs appearing in precisely i n-sets. Let K 
denote the number of different pairs appearing in some n-set, N(a,) denote the 
number of pairs appearing in an n-set in round i, N(a& denote the 
number of pairs appearing in an n-set in both rounds i, j and so forth to 
Nal ... ak). By design C,“_, N(ai) = km(t) and z+j N(u,a,) = m(E). Also, 
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C Nailai, ... ai,> = x, + (r:l) x,+~ + *** + (F) xlc . By the principle of 
inclusion and exclusion [4, p. 51, Theorem 13, (y) - K = (“2”) - km(l) + 
43 - [x3 + (3 x4 + ... + @ Xkl + [x4 + (3 x5 + ... + (;)x,l + ... 
+ (- l)ti xlc . Recalling that C&- l)i+l(i) = (i) - (y) + (I) = $(r - l)(r - 2) 
for r > 3, we can simplify the above to 
K = km (y) - m f”;) + gs i (r - l)(r - 2) x, . 
Clearly &, $(r - l)(r - 2) x, 3 0 and K must be at most (7). But if 
k = m + 3 and m > 4, then km(;) - m(i) > (“2”). Thus k < m + 2. 
PROPOSITION 7. Zf m 3 4, k(m, m + 1) < m + 2. 
The case m = 2 has already been done, and the following construction 
by J. Van Rees shows that k(3,4) 3 7. 
I. 1234 abed $4 
II. 12acI 3bcp 4dyS 
III. 13by 2cdS 4ac@ 
IV. 12dp 4abS 3coiy 
V. 14cp 3ady 2bce3 
VI. 24cy 1 bdci 3apS 
VII. 34doI 1 acS 2bPr 
When k = 7, K = 63 + x8 + 3x, + 6x, + 10x, f 15x, . Since K < 66 
always, xg = x6 = x7 = 0, xQ < 3, and x4 < 1. So for any k 3 7, K = 
x1 + x2 + xQ + x4. But also the total times pairs appear is x1 + 2x, + 
3x, + 4x, = 3(i)k = 18k. Thus 18k = K + x2 + 2x, + 3x, < 141, and 
k < 7. So k(3,4) = 7. 
The original motivation for the general problem was to maximize the 
number of people playing bridge with one another in a given number of 
rounds. Some people, however, may end up playing with more members 
than others. As a spin-off of the original problem then, we might ask when 
(under the minimal pair condition) can k rounds be arranged so that every 
object appears in the same number of different pairs? In the following scheme, 
the first round (each object appears in 3 different pairs), the first four rounds 
(each object in 9 pairs), and all five rounds (each object in 10 pairs) satisfy 
the requirement. 
1. abed 1234 @YS 
2. ablol c23y d4pS 
3. a% b34a cd16 
4. b12S ac3P d4ciy 
5. c14y bd3P a2ciS 
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These five rounds satisfy an even stronger property. No pair appears 
three times and every element appears twice with exactly x = 5 other 
elements. The first round and first four rounds share this property also but 
with x = 0, 3. It is easily shown that for m = 3, n = 4, this property can 
only be satisfied when k = 0, 1 (mod 4). This construction might lead to still 
other questions. 
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